We consider the steady, gravity-driven flow of a thin film of viscous fluid down a helically-wound shallow channel of arbitrary cross-sectional shape with arbitrary torsion and curvature. This extends our previous work 1 on channels of rectangular cross section. The Navier-Stokes equations are expressed in a novel, non-orthogonal coordinate system fitted to the channel bottom. By assuming that the channel depth is small compared to its width and that the fluid depth in the vertical direction is also small compared to its typical horizontal extent, we are able to solve for the velocity components and pressure analytically. Using these results, an ODE for the free surface shape is obtained, which must in general be solved numerically. Motivated by the aim of understanding flows in static spiral particle separators used in mineral processing, we investigate the effect of cross-sectional shape on the secondary flow in the channel cross-section. We show that the competition between gravity and inertia in non-rectangular channels is qualitatively similar to that in rectangular channels, but that the cross-sectional shape has a strong influence on the breakup of the secondary flow into multiple clockwise-rotating cells. This may be triggered by small changes to the channel geometry, such as one or more bumps in the channel bottom that are small relative to the fluid depth. In contrast to the secondary flow which is quite sensitive to small bumps in the channel bottom, the free-surface profile is relatively insensitive to these. The sensitivity of the flow to the channel geometry may have important implications for the design of efficient spiral particle separators.
I. INTRODUCTION
Fluid flows in helical geometries are of interest both in biology, e.g. in the circulatory system 2-4 or in the cochlea 5 , and in industrial applications. An important example of the latter are flows in spiral particle separators -devices used in the mining and mineral processing industries to separate ores and clean coal [6] [7] [8] [9] [10] [11] . They consist of a helically wound channel, typically with a curved bottom, down which a slurry of mixed particles and water flows. The depth of the channel is typically small compared to its width, i.e. the channels are shallow. As the slurry flows down the channel, the particles tend to separate across the width of the channel according to their weight, so that, in principle, at the outlet of the channel the flow can be split into separate streams each containing one type of particle. More recently, biomedical researchers have designed microfluidic devices consisting of closed spiral ducts which aim to use the same principles to separate circulating tumour cells from the blood 12 . Whilst spiral particle separators have been widely used for many years, and academic interest dates back to experimental work by 7 , mathematical modelling of the flow in them has been limited, and the design process is based mainly on experimentation; see Holland-Batt 8 for a summary. Experimental and numerical investigations into the flow have been undertaken, and empirical formulae derived to fit observed data. However, many of these studies have made quite restrictive assumptions: for example, a model developed by Holland-Batt 7 assumed a Manning law in the inner region of the channel, and a free vortex in the outer region. Validating these assumptions, and experimentation in general, has proven difficult, with experimental errors in measurement of flow velocities estimated to be as high as 30%. Nevertheless, a series of experiments 11, 13, 14 showed that a complex secondary flow exists, that a fully-developed steady state flow profile appears relatively quickly (within 2-3 turns down the spiral), and that the fluid depth is typically very shallow (1-12mm) relative to the channel width (250-350mm). Recently, Boucher et al. 15 ,16 performed experiments using positron emission particle tracking to obtain more information about the motion of particles in spiral separators, but their techniques did not allow measurement of the vertical component of the particle velocity, the free-surface shape or the bulk flow. Computational simulations of particle-free flow have been performed [17] [18] [19] and of dilute particulate flow where the particles are assumed not to modify the particle-free flow 20 . The aim of all of the above studies is to obtain an improved quantitative understanding of fluid flows in spiral separators to assist in their design. Thus the effects of geometrical factors such as curvature, torsion and crosssectional profile on the flow are of particular interest. Motivated by these applications, recent work has considered the idealised problem of free surface flow of Newtonian fluid in a helically wound channel 21 . To our knowledge these authors were the first to exploit the fact that the depth of fluid in the separator is typically small relative to the channel width, which allowed them to use the thin-film approximation to obtain a reduced model for the flow. Their study was restricted to helically symmetric flows in rectangular channels with small curvature and torsion, but in this regime they were able to demonstrate good agreement between their thin-film model and the results of numerical simulations of the full helically-symmetric Navier-Stokes equations. Subsequently, this thin-film model was extended to the case of rectangular channels of arbitrary curvature and torsion by Arnold, Stokes, and Green 1 . They found that, for certain values of the curvature, torsion and fluid flux, two counter-rotating cells can develop in the secondary flow in the cross-section, which could have important implications for the efficiency of particle separation.
Whilst the shape of the channel cross-section is one of the main factors that separator designers are able to control, previous work by Stokes et al. 21 and Arnold, Stokes, and Green 1 considered only rectangular channels, so as to simplify the governing equations. Here, we have relaxed this assumption so as to consider the effects of cross-sectional shape on the flow. This has, in turn, had a number of significant consequences not met in previous work. Firstly the coordinate system, and in particular the direction normal to the channel bottom, employed in Arnold, Stokes, and Green 1 was found to lead to complications in the case of non-rectangular channel cross-sections so that we have here formulated a general coordinate system with the direction normal to the channel bottom replaced by the vertical coordinate direction measured from the (arbitrary) channel bottom; see section II. Significant work was then required to express the Navier-Stokes equations in this general coordinate system and to obtain the thin-film approximation, assuming the fluid depth to be small in the vertical direction . Furthermore, the solution of the ODE for the fluid depth cannot be obtained analytically as in the rectangular channel case but must be solved numerically. Lastly we point out that, whereas for channels of rectangular cross-section the positions of the side walls are known and the (non-zero) depths of fluid at each wall are determined for a given flux, for channel cross-sections of arbitrary shape the fluid depth at either side can be zero, in which case the horizontal position(s) of the contact point(s) of the free surface with the channel bottom must be determined for a given flux. Thus there is an increased number of parameters in the problem which calls for a more complicated algorithm to handle all the various possibilities.
Although a consideration of channels of non-rectangular cross-section is new in the context of flow in helicallywound channels, for the case of a straight channel of arbitrary cross-sectional shape, the free surface flow problem has been studied by a number of authors, including Bowen 24 ,25 . Their work has considered additional effects, such as time-dependence, surface tension, and heat transfer which are neglected here. Neither surface tension or heat transfer are relevant to spiral particle separation in unheated channels with typical widths of half a metre or more while, at present, we seek steady-state solutions and leave time-dependence to future work. We anticipate that the presence of particles in the slurries transported in spiral separators will affect the flow but, in the present work, particle effects are also neglected to enable us to develop a basic understanding of the fluid motion. We note that Lee, Stokes, and Bertozzi 26 considered the flow of a monodisperse suspension in a helical channel, in the limiting case of small channel slope. We aim to consider particle effects in future work. This paper is organised as follows. In section II we introduce the coordinate system and governing equations, apply a thin-film scaling, and present the solution method. In section III, we present and discuss results, before giving conclusions in section IV.
II. MATHEMATICAL MODEL
We consider free surface flow in a helically wound channel; for the purposes of illustration, a channel of parabolic cross-section is shown in figure 1. Here we extend previous work by allowing the cross-sectional shape to be arbitrary, although we require it to be shallow and independent of distance along the channel centreline. We study the steady state flow, ignoring inlet and outlet regions and assume that the flow is helically symmetric; that is, independent of distance along any helix of the same pitch and orientation as the channel centreline.
The governing equations of the flow are the steady Navier-Stokes equations,
where v is the velocity, ρ is the fluid density, p is the pressure, µ is viscosity, S is the rate-of-strain tensor and g is the acceleration due to gravity. The continuity equation,
We choose to use a coordinate system that permits a simple description of the flow geometry, as described below. We note similar systems have been used in Manoussaki and Chadwick 5 , Lee, Stokes, and Bertozzi 26 and Arnold, Stokes, and Green 1 for rectangular channels with the bottom aligned horizontally in the radial direction. Here, for channels of arbitrary shape, we introduce a new term so that the channel bottom remains a coordinate surface. 
A. Coordinate system
We define a point in the fluid by its radius r (measured horizontally from the vertical axis around which the channel is wound), angle β about the vertical axis from a reference position, and vertical distance z from the channel bottom, as
where 2πP is the pitch of the helix and H(r) is the channel bottom profile. The coordinate system is shown in figure 2, together with a vertically-cut cross-section of the channel. For a channel with rectangular cross-section, H(r) = 0 and this coordinate system is equivalent to that used by Lee, Stokes, and Bertozzi 26 and Arnold, Stokes, and Green 1 . Since this is a non-orthogonal coordinate system, the techniques of tensor calculus must be used to write the NavierStokes equations. The details are similar to Lee, Stokes, and Bertozzi 26 , however we choose not to introduce the coordinate direction normal to the channel bottom, as with an arbitrary cross-section it is simpler to visualise the vertical direction than the normal direction and use of the normal coordinate direction leads to non-uniqueness of coordinates for points in the fluid domain. We omit the details of the derivation, but present the helically-symmetric (i.e. β-independent) form of the Navier-Stokes equations. After defining Φ as
we can write the three components of the Navier-Stokes equations as, in the radial direction,
The helical coordinate system. On the left is shown a helix with radius r and pitch 2πP . On the right is a vertically-cut cross-section of a helical channel with a curved bottom.
in the axial direction,
and in the vertical direction,
The continuity equation is,
B. Thin-film equations
The helically-symmetric steady Navier-Stokes equations, as shown in the previous section, are very complicated and some simplifications are necessary to facilitate analytic progress. The helical symmetry assumption means that the flow is independent of the distance along helices with the same pitch as the channel centreline, and our coordinate system allows us to impose this condition by making all quantities independent of β. Since the fluid depth in spiral separators is typically very small relative to the channel width, we use a thin-film approximation. Using a characteristic fluid depthh and the channel half-width a, δ =h/a is a measure of the aspect ratio of the fluid. In the thin-film approximation, we assume δ ≪ 1. We nondimensionalise the governing equations using the channel half-width a, and axial velocity scale U , as follows (using hats to denote dimensionless variables and parameters)
The non-dimensional radius of the channel centrelineÂ, is given byÂ = A/a, where A is the dimensional radius of the channel centreline. The new variableŷ is a dimensionless radial position, measured from the designated centreline of the channel. Explicit definitions of U and δ in terms of the physical parameters of the problem will be given later in equation (31). We next define some notation that will help simplify the equations. The channel centreline has dimensionless radiuŝ A, and we define the nondimensional curvature-like parameter ǫ = 1/Â, and the dimensionless pitch,P = P/a. The slope of the channel centreline, λ, is given by λ =P /Â. The dimensionless torsion,τ , and curvature,κ, of the channel atŷ are given byκ
where
is the slope of the channel bottom atŷ, and
After nondimensionalising and taking the thin-film limit, δ → 0, the leading order governing equations are (dropping hats on dimensionless variables),
and
where we have defined the Reynolds number, Re, and Froude number, Fr, as
The boundary conditions are no-slip on the channel bottom,
no stress on the free-surface,
and the kinematic condition at the free-surface,
This model for thin-film flow in a shallow helically-wound channel of arbitrary cross-section has a form that is surprisingly similar to that given in Arnold, Stokes, and Green 1 for a channel of rectangular cross-section and which uses a different coordinate system. This was not anticipated but allows us to proceed with analytic solution of the model in a similar manner up to solving for the free surface which must now be done numerically and allow for determining the horizontal positions of the points of contact of the free surface with the channel bottom.
As discussed in Stokes et al. 21 , Lee, Stokes, and Bertozzi 26 and Arnold, Stokes, and Green 1 , we cannot impose no-slip conditions at vertical channel walls, should they exist. This is a result of the thin-film scaling, and we would anticipate the presence of thin boundary layers near vertical walls, which are not captured in our leading order equations, and which do not have a significant effect on the flow away from the vertical walls. We will discuss this further in section III A.
C. Solution of the thin-film equations
The leading order thin-film Navier-Stokes equations (15a)-(15c) can be solved by integrating, subject to boundary conditions, to give
By integrating the continuity equation (16) , changing the order of differentiation and integration, and requiring that there is no net flux into or out of the fluid domain, we obtain
which can be evaluated and rearranged to give a differential equation for the fluid depth h(y),
This is a Chini differential equation, and in general has no analytic solution and must be solved numerically (we use the ode45 function provide by Matlab). In the special case of a rectangular channel, where H(y) = 0, the free-surface equation does have an analytic solution 1 , which can be found using the substitution ξ = h −3 . Substituting (25) into (23) gives a simpler form for the radial velocity component,
We note that due to the very large denominator in the first term, v is approximately zero when the second term is zero, which occurs when z = (15 − √ 33)h/16 ≈ 0.5785h. Thus the secondary flow is vertical at roughly 58% of the fluid depth.
A
and we specify ψ = 0 on the channel bottom z = 0 and the free surface z = h(y), which together form a closed streamline.
Integrating the first equation in (26), we obtain the streamfunction as
which can be substituted into the second equation in (26) to give the vertical velocity w.
The fluid flux down the channel, Q, is scaled by δa 2 U and is given by 
where y = y l and y = y r are the left and right contact points of the free-surface with the channel wall(s) or channel bottom. The minus sign appears because the positive axial direction points in the upstream direction, thus u is negative. The cross-sectional area of the fluid, scaled by δa 2 , is given by
These integrals cannot be computed exactly (even in the rectangular channel case) and must be determined numerically.
In order to examine solutions, we must prescribe the velocity scale U , and thin-film parameter δ. Following Arnold, Stokes, and Green 1 , we require that the coefficient on the z(z − 2h)/2 term in (22) , and the coefficient on the h 4 term in (25) 
which can be rearranged, using the definitions of the Reynolds and Froude numbers as given previously, to give expressions for the velocity and film-thickness scales U and δ in terms of the geometric and fluid parameters, as 
The thin-film assumption requires δ ≪ 1, and using typical values for a channel of half-width a = 0.1 m carrying water (ρ = 10 3 kg m −3 , µ = 10 −3 kg m −3 ), we require
which is always true for channels of physical interest, and fails only for very flat (λ → 0), gently curving (ǫ → 0), or steeply sloping (λ → ∞) channels.
D. Implementation
In Arnold, Stokes, and Green 1 in which H(y) = 0, y l = −1 and y r = 1, once the radius and pitch of the channel centreline were defined (using ǫ and λ), the only parameters left were h l , the fluid depth at the left channel wall y l , h r , the fluid depth at the right channel wall y r , as well as Q, the fluid flux down the channel. Specifying one of these three parameters determined the other two. The flux was chosen as the most physically relevant parameter to specify. For a channel with arbitrary cross section, we must add y l and y r to the parameters of the problem, which now number five, {y l , y r , h l , h r , Q}. Three of these must be specified, which determine the other two. It is possible to have zero or non-zero fluid depth at either edge of the fluid domain, leading to several different cases. We note that h l ≥ 0 and h r ≥ 0, with non-zero values meaning there is a vertical channel wall at the corresponding y l and/or y r . For any channel shape, we can again specify the flux, and any two of {y l , y r , h l , h r } depending on the problem of interest. The process to obtain a solution can be described in the following steps:
1. Choose the channel cross-sectional shape H(y), geometric parameters ǫ and λ, and the flux Q;
2. Choose values of two of the parameters from {y l , y r , h l , h r };
3. Use a root-finding algorithm and the free-surface equation to determine the last two unknown paramters.
We sometimes choose not to prescribe a flux but simply specify three of the four geometrical parameters and directly calculate the fourth and the resultant flux.
III. RESULTS
We now investigate solutions of the thin-film equations. Arnold, Stokes, and Green 1 examined rectangular channels and drew several conclusions about the effects of ǫ, λ and flux on the resultant flow. In section III A we show some results from channels with rectangular cross-section, and by comparing with a nearly-rectangular channel (with no slip on the entire channel surface), demonstrate the small inaccuracy resulting from being unable to impose the noslip boundary condition on vertical channel walls. We then move on to investigate non-rectangular channels more generally. In section III B we consider channels with sloping bottoms, which for small slopes are very similar to rectangular channels. We also consider so-called tick shaped channels, with larger slope and a vertical wall on only one side of the channel. In section III C we look at some channels with curved bottoms.
A. Rectangular and nearly-rectangular channels
Channels with rectangular cross-section were extensively studied in Arnold, Stokes, and Green 1 , and we briefly recapitulate some of those results to provide a point of comparison with channels of other shapes, noting that the vertical coordinate direction used here is different to the normal direction used in that paper. In figures 3 and 4, we plot free-surface profiles and streamfunctions, holding all parameters constant with the exception of either λ or ǫ. The flow always moves from the inside to the outside channel wall at the free-surface, and from the outside to the inside wall near the channel bottom. The secondary flow is generally clockwise rotation around some point, but can break into separate clockwise rotating cells 1 . Increasing either λ or ǫ, which increases the slope Λ(y) near the inside channel wall, tends to increase the fluid depth at the inside channel wall, whilst decreasing these parameters tends to increase the fluid depth at the outside channel wall. In Arnold, Stokes, and Green 1 this behaviour was explained by the competition of two effects, gravitational force pushing fluid to the steepest part of the channel (the inside wall), and inertial forces pushing fluid to the outside channel wall. We now consider the impact of our inability to apply the no-slip boundary condition on vertical channel walls due to the thin-film scaling. In section II B, it was claimed that in practice we would expect thin boundary layers near the channel walls, which would not have a significant impact on the results. Stokes et al. 21 compared numerical simulations for a rectangular channel with thin-film results, valid in the limits of small ǫ and λ, which showed excellent agreement away from the channel side walls, and boundary layers near them. We here show the effect of boundary layers by comparing results for a rectangular channel with results for a nearly-rectangular channel, with no discontinuities in the slope of the channel wall. We construct such a channel with side walls using quartic polynomials that smoothly join to the flat channel bottom, as
where k is the height at the edges of the channel, y = ±1, and ±y * are the positions at which the curved side walls meet the horizontal channel bottom so that y * determines how close the channel cross-section is to rectangular. The secondary flow for a channel with k = 0.5 and y * = 0.9 is shown in figure 5 , along with that for a rectangular channel with vertical walls. We see very good agreement in the interior of the channel, which deteriorates near the edges, as expected. The most notable difference is the anticipated existence of boundary layers near the side walls of the nearly-rectangular channel which are not seen for the rectangular channel. The free-surface profiles are very similar, but for the same flux that of the rectangular channel is slightly lower than the nearly-rectangular channel because of the extra cross-sectional area gained with vertical side walls. The correspondence between the two solutions justifies the study of channels with vertical walls using the thin-film approximation, with the error introduced by the lack of the no-slip boundary condition on the side walls being a local effect that does not change the qualitative behaviour of the solution.
B. Channels with a sloping bottom
Next we consider channels with a bottom of constant slope k, i.e. H(y) = ky. Figure 6 shows solutions for three different slopes k, each with the same ǫ, λ and Q. There is little difference in the free-surface, but there is a significant effect on slope of the secondary flow. Figure 6(a) shows the secondary flow for a channel with negative slope, which has broken up into two rotating cells. For k = 0 and k = 0.05, the secondary flow does not exhibit multiple rotating cells. For channels with ǫ = 0.5, λ = 0.75, and Q = 0.1, multiple rotating cells are seen for channel slopes less than roughly k = −0.02. Thus, the break-up into multiple rotating cells, remarked upon in Arnold, Stokes, and Green 1 , is not limited to rectangular channels, and is influenced by the channel bottom slope. The free surface profiles for the three different channel slopes are very similar, despite the significant changes in the secondary flow. The sensitivity of the free surface profile will be further discussed in section III C.
If the free surface contacts the bottom of the channel at one end and a vertical channel wall at the other we have what we term a tick-shaped channel. We have two cases, a channel with positive slope and the vertical wall at the inside of the channel, or a channel with negative slope and a vertical wall at the outside of the channel. The main difference from the sloping channel case is that we specify y l = −1 and h r = 0 or y r = 1 and h l = 0 in addition to the flux, and must determine h l and y r , or h r and y l , respectively. In figure 7 we show the effect of changing the down-channel slope (λ) of the channel centreline on the flows in tick shaped channels defined by H(y) = y/2 and with ǫ = 0.5 and Q = 0.15. We see that as the slope λ increases, the fluid tends to move towards the inner channel wall, and the outer contact point also moves inwards. The same behaviour is observed when ǫ is increased (results not shown). This behaviour is qualitatively similar to the rectangular channel case, with a competition between inertial and gravitational effects. Figure 8 shows the case of a channel bottom shape with negative slope, H(y) = −y/2. As λ increases, we see the inner contact point moving inwards, and the outside fluid depth decreasing. Although not as dramatic as for the upwards sloping tick-shaped channel, the same behaviour is again seen; increasing the slope tends to push fluid to the inside of the channel.
In the limiting case of a gently curving and sloping channel (ǫ → 0 and λ → 0) with H(y) = ky, the free surface equation (25) can be written as, For a channel bottom profile with positive slope, k > 0, this equation has an exact implicit solution. Defining χ = |k| 1/4 , we obtain
where y a is the point where the free surface meets the channel bottom. For downwards sloping channels, with k < 0, the solution is more complicated,
(36) Figure 9 shows a comparison between these implicit solutions and numerical solutions to the full free surface equation (25) . Very good agreement is seen, even with these relatively large values of ǫ and λ.
The solutions presented above apply to channels with k > 0 and a vertical wall at the inside of the channel, or to channels with k < 0 and a vertical wall at the outside of the channel. Other options at first seem possible, namely, k > 0 and an outside vertical wall and k < 0 and an inside vertical wall. However, no solution exists for these latter cases for the following reason. If the fluid meets the channel bottom, its depth h(y) must reach zero. Then, taking h(y) = 0 and rearranging the free-surface differential equation (25) gives
and so the free-surface must be horizontal when it contacts the channel bottom. This means that the fluid can meet the channel bottom at the outside of the channel if H ′ (y) > 0 there, and at the inside of the channel if H ′ (y) < 0 there. For tick-shaped channels, these restrictions on the sign of H ′ (y) near the free-surface contact point are only satisfied in the two types of channels with solutions (35) and (36). In the cases where no solution exists, the channel would not be able to contain the fluid, which would pour out.
C. Channels with a curved bottom
We now consider channels with curved bottoms. Whilst there are many choices, we will first consider a simple parabolic channel H(y) = 0.5y
2 . In figure 10 we present plots for this channel for fixed ǫ = 0.5, Q = 0.015 and three different values of the down-channel slope of the channel centreline λ. We first note that since there are no vertical channel walls in this case, the no-slip boundary condition is satisfied along the whole channel bottom, and with h l = h r = 0, we must determine the parameters y l and y r for given ǫ, λ and Q. In figure 10 we see the change of y l and y r with λ for our chosen values of Q and ǫ. As for other channel shapes, we see that increasing λ tends to push the fluid to the inside of the channel, which also occurs when ǫ is increased (not shown). Decreasing ǫ or λ, or increasing the flux, causes the fluid to move further to the outside of the channel.
In section III B, it was noted that the secondary flow could be very sensitive to channel shape, but the free-surface was relatively less sensitive. We now show this for differently-shaped channels. In figure 11 two channels are shown, one with one bump in the bottom and one with two bumps. Both solutions have the same centreline radius and The free-surface profiles, however, remain remarkably similar. The filled circles represent the centres (found using the 58% depth approximation found in section II C) of the rotating cells, and the crosses represent saddle points of the streamfunction. At both the filled circles and crosses, the secondary flow velocity is zero, and there is only an axial component of the fluid velocity.
To further investigate the sensitivity of the secondary flow to the channel shape, we consider a rectangular channel with a small bump in the channel bottom. The results for a channel with a growing bump are shown in figure 12 . In these plots, the flux Q = 1, y l = −1, and y r = 1. We see that the free-surface profile is again fairly similar across the three bump heights, but there is a break up of the single rotating cell seen in figure 12(a) , into two rotating cells inside a larger rotating cell even when the height of the bump is small, at roughly 5% of the depth of the fluid. As in figure 11 , the filled circles are the centres of local rotating cells of fluid, although the cells are far less pronounced in these latter cases. In figure 13 , we repeat the experiment using a parabolic channel with a narrow Gaussian bump and find again that the flow separates into multiple rotating cells even for a small bump height of 0.05, roughly 10% of the fluid depth. For the larger bump with height 0.1, the separate rotating cells become quite large, and a significant proportion of the cross-sectional flow domain is taken up by these structures.
The breakup into multiple rotating cells is of interest in part due to its potential implications on particle separation efficiency in spiral separators. We hypothesise that having separate rotating cells could inhibit particle movement across the width of the channel. Whilst the break-up into multiple rotating cells can occur in rectangular channels due to the balance of gravitational and inertial effects, it is more readily seen as a result of the channel bottom shape.
IV. CONCLUSION
We have considered helically-symmetric thin-film flow in helical channels with arbitrary cross-sections. Using a helicoidal body-fitted coordinate system we obtained a system of equations that can be solved to give a simple differential equation for the free surface shape requiring numerical solution. In the special case of small channel centreline torsion and curvature, we obtained analytic solutions for so-called 'tick-shaped' channels.
The influence of the slope (λ) and radius (1/ǫ) of the channel centreline on the competition between gravity and inertia and, hence, on the free surface shape and transverse flow, were studied extensively for rectangular channels in Arnold, Stokes, and Green 1 . We have observed the same qualitative behaviours in channels of arbitrary shape. The downwards slope of the channel bottom is greater nearer to the vertical axis about which the channel is wound and this slope increases with both λ and ǫ. When the downward slope on the inside of the channel becomes sufficiently large gravity dominates and there is a build up of fluid there, while for smaller slope inertia dominates and fluid is pushed to the outside of the channel. As in Arnold, Stokes, and Green 1 , the balance between gravity and inertia may lead to multiple rotating cells of fluid but this does depend on the channel shape. For example, the secondary flow did not break into multiple cells for any choice of λ and ǫ for channels with parabolic cross-section or having a bottom of constant positive slope from inside to outside.
In fact we have found that the shape of the cross-section has a much stronger influence on the breakup of the secondary flow than do the downwards slope or curvature parameters, λ and ǫ. Just a small defect in the crosssectional geometry may cause a breakup of the secondary flow. If, instead of a rectangular channel, the bottom slopes slightly downwards from inside to outside or there is a small bump in the channel bottom this will, for some choices of λ, ǫ and flux Q mean a secondary flow with two rotating cells instead of a single rotating cell. A bump in an otherwise parabolic cross-section also causes the secondary flow to break into two cells and we have numerical evidence that N sufficiently large bumps in the channel surface results in N + 1 rotating cells. The secondary velocity profile is relatively sensitive to the channel cross-sectional shape. However, the free-surface profile is far less sensitive. Bumps with height roughly 5-10% of the fluid depth are sufficient, in some cases, to cause a break-up of the flow into multiple rotating cells while the free-surface profile changes little. This finding is potentially important to particle segregation in spiral separators because it suggests that defects in or damage to the channel, or a build-up of solid material adhering to the channel base, along a long length of the channel, may significantly affect the secondary flow, which is believed to play an important role in the separation characteristics. Of course, imperfections in the channel geometry are most likely to be localised and may not, therefore, have much impact on particle segregation. To determine how far downstream any effects on the flow are likely to persist will require solution of the particulate flow problem in a channel whose shape varies with distance along the centreline (i.e. H, and therefore the flow, would be a function of β). This is left for future work.
